











































































































Feliz.EELinear Algebra
Week 11

I recommendthisVarious remarks for any proofs
1 Writing induction proofs
clearly state the statement you are proving
make sure the quantifiers in the induction hypothesis
are correct

Example boilerplate
For all new let P n denote the statement
B asecn o

Induction hypothesis
Assume there is some n EIN such that P n holds

Induction step n ntr

prove the implination P n Penta for
an arbitrary ne IN This n may specifically be
the one from the base case we can't make anyassumptions on it if we want to provePCal for
all he N

Hence perthe principle of induction P a holds for all
NEIN














































































































2 Computing the A QR decomposition

When computing Q via the Gram SchmidtAlgorithm
process the columns of A in their ovoter

Column swaps affect the output of Gram Schmidt
It is possible to extend the Q R decomposition to allow
column swaps giving us AP QR but we do not
allow this with the definition from the lecture

3 useful properties of the Pseudo inverse

1 If A is invertible At A

The formula for full column rank or row rank applie
At ATA AT A AT AT A

thissteponlyworks as A is invertible

2 If Ax b has no solution Atb is closest to
a solution

Axt A Atb is the projertion of le onto CA

In particular it also satisfies the normalequations
and solves the least squares problem in11Ax bl














































































































3 If Ax b has infinitely many solutions Atb
is the solution of minimal norm
The set of solutions to Ax b is given by
general Xp XH H E N A

t is exactly that solution in generalwhich has 4 0
CCAT The followingsketch illustrates this

this sketch may
general be helpful for

understanding the
NCA proof of prop4.5.5

It

CAT

Atb also gives the minimum norm solution for
the normal equations ATA Atb














































































































Exercise 9.1

a Let A Rm Be R P rank A rank B n

we first prove rank AB n so we can apply
Prop 4 5 9 on AB

claim rank A B n

We show AB CA by proving CA E CAB and

CAB E C A

Let ye AB then let y e CA

Y ABx ERP y AX EIR

A BX E C A B is surjective hence
Hence CAB CA there is some ZE IRP

such that X Bz

y ABZ CCAB
Hence CA CAB

Now we get rank AB dim CAB dim CA rank A n

Finally we can apply Prop 4 5 9 on M AB
Mt AB t B At

Remark
In general rank AB min rank A rank B The reason that
rank AB rank A von k B holds here is that A has full
iolumn rank it is injective and B has full row rank it is surjective
An alternative approach is to prove N AB NCB anduse the
rank nullity theorem














































































































b Claim A T AT

We consider a full rank decomposition A S Tof A whereSERM
TE IR rank A rank s rank T r

ATT T St T SHITHT
CATH Gtt

rank decompofAT

Now proving AT
t At

T for 1 Awith full column rank
2 A with full row rank

sufficesto concludethe claim S has full columnrank T full row
rank

1 At
T
CATA AT

T Ahas full column rank

AT THATA
1

AT T CATAT

ATT AMAT T

AT AThas full row rank

2 At
T AT AAT A has full row rank

CAAT
1 TATT

CAAT 1 AT T

LATTAT ATT
AT A has full column rank

Henie At T SHITHT S1 F CATT














































































































c Claim AAT is symmetric and projectionmatrixontoCCA

Let A CR be a CR decomposition of A
we get AAt CR CR CR Rtct Cct

C CTC CT

K CTC C EXTINCT YET Kar TILT
C CTC CT hence AA is symmetric

Per theorem 4.2 6
this is the projectionmatrixonto CC CA

9 2 f CAT CA Ax

claim f is bijective
Alternative to mastersolution Perdefinition we prove that f
is injective andsurjective

injectivity
Let x y e CAT such that AX Ay Then A x y 0

X y E N A Perassumption and as CCAT is closed
underaddition

x y E CAT As NCA n CAT 0 x y 0 x y

Perdefinition f is injective
surjectivity
Prop 4.3.2 applied on ATgives us CA CAAT f CCAT
Perdefinition f is surjective














































































































Injective and surjective linear maps

Recall Let X Y be vector spaces over some fieldF

f Y is a linear map if
1 f X1 X2 f x f x2 for any Mike
2 f α X α f x for any EFix EX

no information lostinjective
x2 f n f x or f xn f x n a

surjective all elements ofcodomain reached

f X Y for any ye Y there is EX such that f x y

bijective injective and surjective f exists

A IR IRM

injective if rank A n full column rank

surjective if rank A m full row rank

bijective if square rank A n m

Comments
functioncompositionof linear maps corresponds to matrix
multiplication Cf fog x ABX
Example Coordinate vectorregarding some basis

Consider 5 6 3 2 Pz The coordinaterepresentation
of regarding the basis D 1 x x is given by
Up tells us how to combine basis vectors to

get v














































































































The determinant
we consider def A D ar a n where an an E R
are the columns of AER as a function IR IR
thatgivesus the oriented volumeof the n dimensional
parallelogram spanned by an an

Examples

Iz 9
A 2

deft 1 r n

i

Most important properties
1 Linear in each column row

2 Swapping columns vows changessign

3 det A doesn'tchange if we add multiple of one gym
to another

4 def A 0 A is invertible

5 def A def AT

6 def AB def A oletB

7 def A an def A
n times linearityper column row

8 determinantof triangular matrix is product of
diagonal entries in particularofdiagonalmatrix



































































































References:

Last years course for some definitions

Sergey Treil, Linear Algebra Done Wrong, https://www.math.brown.edu/streil/papers/LADW/
LADW_2021_01-11.pdf

Computing the determinant

1 Laplace Expansion benefitsfrom rows columns
that have many zeros

expond

6ᵗʰ row detA 1 1 akj oledA r j

eth column def A 1 age def Agie

General formula for 2
2 matrices

desc aman amain

Expansion along first row

arr 912 913

del as as a

an

art
931 932 933

2 Gauss Elimination used in practice

Viidet A In
xp.gg IffnPiotsV9Taps


