













































































































FelizBorgerLinear Algebra
Week 12

Quiz

Olet 7 A 7 def

TRUE
TRUE Anvistibite
FALSE

maychange.is IiEijiii Esieiiiii iie r
TRUE see next page

TRUE G appliedon AB A A

TRUE AA 1 detCA olet

FALSE only if fullcolumn or row rank
see week 10 Wtb still hasniceproperties

TRUE
see week 10 wth has fullrank and is inve

se m may be
smaller than n














































































































The determinant
we consider def A D ar a n where an an E R
are the columns of AER as a function IR IR
thatgivesus the oriented volumeof the n dimensional
parallelogram spanned by an an

Examples

Iz 9
A 2

deft 1 r n

i

Most important properties
1 Linear in each column row

2 Swapping columns vows changessign

3 det A doesn'tchange if we add multiple of one gym
to another

4 def A 0 A is invertible

5 def A def AT

6 def AB def A oletB

7 def A an def A
n times linearityper column row

8 determinantof triangular matrix is product of
diagonal entries in particularofdiagonalmatrix

9 det B olet EQ detA def D














































































































Deriving the formal definition

D on cen A if
DCIE.ajnej.az un un ajnej

98m ej tree cen linearity ineach
column

repeating thestep above for v2 re
n

j 9am air ajn.nl leineje ejn

this sum is giganticwith n terms

BUT D ejn ejn 0 if two columns are identical

meaning two of theindices in in are thesame
The onlysequences of indices jn In that remain are

rearrangement of 7 in so called permutations
We consider one suchpermutation as a function

m goa
6 1 in 11 in

where 6 n 6 n is the new order arrangement

we now have

Esiason aoc siz
i aom.nl

pedingon number of row swaps
Wedefine odd even from I

sign 6 L mapsretiredfrom 1 in to 6cal on

o get detA Ecgsign s i i fesnsign 6 It i.ci
08 14matter














































































































The above definition can be used to find formulas for
the determinant of 2 2 or 3 3 matrices
However Don't use it directly for computations
The following page has two methods forcomputing detA

Example there are two permutations of 1,2
6 r 1 6 2 2 sign G 1

62 1 2 62 2 1 sign G 1

For a 2 2 matrix thisgivesus

OletA sign Gn an 6cn 92 6,621 sign G an 626 92,6212

911922 array














































































































Computing the determinant

1 Laplace Expansion benefitsfrom rows columns
that have many zeros

expond

6ᵗʰ row detA 1 1 akj oledA r j

eth column deta Email

General formula for 2
2 matrices

des
aman amain

Expansion along first row

arr 912 913

del az as a

an

art
9 31 93 2 9 33

2 Gauss Elimination used in practice 0cm

det A C 1 II vii

y p
Product of pivots
in REF A

Note don'tmultiply row byscalar Thismightchange detA

There are methods for computingA and A b using
the determinant You can find them in the script














































































































Example

det O detE 5 n detf 3
6 det 1 5

1 3 4 6 5 2

7 6 7 49














































































































Complex Numbers

Any Z has the form E at bi where i2 1

a is the real part of Z Relz a

f is the imaginarypartof z 1m Z G

E abI a bi is thecomplex conjugateof z

121 TH EE is the modulus of 2 corresponds to
length in compee
plane

we see in Teafaxt am 8Easinausaxis

i anti Rei

i
i

Any complex number z haspolar form re

at bi cos isino reio

E.EE
Multiplying by re has effectofstretching by r and
votiatingcounterclockwise by in the complexplane
example multiply by i e rotateby 90degrees

F E radians

At AT is the conjugatetranspose of A
often also called hermitian transpose

Quicklyestimate computevalues of sin cos utilizingtheunitcircle














































































































Example For 2 1 i find E and r 121 such that
2 re

E Fi Tti
21 12117 R

i c
I

i
we could alsouse n i E cos irinal














































































































Eigenvalues and eigenvectors

Let AER We call nonzero ve eigenvector of A

correspondonding to the eigenvalue if

Av Xu

Geometrically u is only stretched but did not change direction

after applyingA 1

i X

L L

Av Xu

Av Xu o

A XI 0 0

def A XI 0 and NCA XI

offerus eigenvalues Fffigenvectorscorresponding

characteristic polynomiot X def A XI

why is this a polynomialofdegree
n

tonsider formal definition of determinant

algebraic multiplicity
ofX multiplicityof as root ofICA

geometric multiplicityofX dim NCA XI

hires p ensionsofeigenvector

ZACH X Tr A X det A














































































































Fundamentaltheorem ofalgebra
X Xn x Xn 71

X1 XP Xu
put seicity

2 iseigenvaluewithalgebraic
2 XP 1 X multiplicity3 1 withalgebraic

multiplicing 1

Algorithm forcomputingeigenvalues eigenvectors

1 Find XA X def CA XI
2 If get 4 o

3 For every unique findbasis ofNCA I withelimination

eigenvectors 6

Example Find all eigenvalues
and eigenvectors of

A 2 5

1 XA D det 5 4 4 3 x 10

12 4 3 5 10 X X 2 1 1 X 2

3
52 52 8 8

5 5 2 6 m v.v EEfv.IT
A basis for NCA I is givenby I

ii 2

A 21 2 5
24 54 0 un Iv
512 is a basis forNCA I

check by testing Av XV





References:

Last years course for some definitions

Sergey Treil, Linear Algebra Done Wrong, https://www.math.brown.edu/streil/papers/LADW/
LADW_2021_01-11.pdf


