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Linear Algebra
week 5

I.IE eRmxn Belknap If AB is invertiblethen A
andBareinvertib

FALSE
Counterexample

8987 10 9 is invertiblebutneitherA nor B is

However If A B e IR thestatement is TRUE

rank AB Emin rank A rank B

Again the row column picture
is helpfulhereto

see why this meds

E ftp i ftp it B

ya B

multipleof one vow toanother
f f g

TRUE
inverse operation ofadoring
is subtracting thatmultiple
again



LU decomposition continued

Ek En A U
A k Ent V

Ei Ei U
LU

Row permutations
In some cases it's necessary to swap rows whenperform
Gauss Elimination zeroes in pivot position
In these cases we keep track of all row exchange
in a separate matrix P

griot
PA L U

7E.EE
I I I I

Solving Ax b

Ax b PAX Pb PLEE Pb

1 Solve Lc Pb for c

2 Solve Ux c for X



Example A Effposition

11 1 17 1 1

EEE 0 6 7.7 P 88.7
solve for b 3
1 Lc Pb

Pb 43g
firstand second row
swapped

187 1 43
EE
2 cat 3 Cat 3 71

G t 6 1 3 t 7

Cz n

2 UX c

Xz 7 2 42 1

I 3 I If 3 x z

Why Lu decomposition is useful
We onlyhave toperformelimination once Ocn and can

then solve Aab for any vector b in 0
n by forward

backward elimination



Vector Spaces
So far we only considered vectors as elements of IR
We can definevectors in a more abstract way by
describing the properties of vector addition

and scalar

multiplication vector as collars

Avectorspace is a set V over a field F along with two

operations
Vx v v vector addition

such that the following f axioms are
finer fits

these

Tf
etineications

linear combination

Let air we V X B E F

1 Vtw w tr

2 ut ultw u txt w

4 there
is rev rt c y o

vector addition

5 there is lev Tru scalar multiplication

G NV K Blu

7 x Cut v auto v

f at Blu auto
both scalar multiplication

vector addition

We don't need to memorize these they are the

properties of vector addition
and scalar multiplication

already familiar to us

Examples

C over IR Rn
x

the set of nxn

Pn the set ofpolynomialsof
matrices

degree In an x t tanxtaolan aoe R

For some fixed n



We consider K f e IR with the operations

97,67 ta
a 3 of

Is this a vector space No Not commutative

V EV is a subspace of V if it is a vector space

We can check this as follows

1 U is non empty O EU

2 U is closed under vector additionFor any u LEV Ut Ue U

scalar multiplication
this Fifa's b'The you any new def due U

Examples
o V always subspaces of a vector space V

8111 is not a subspace of IR
not closed undervector addition
scalar multiplication

Exercises
Find a subspace of IR that contains 8 y
but not f e s 88 e lack
demark

If A AT we call A symmetric

If it At we call A skew symmetric



skew symmetric

claim U Ae IR IFAT is a subspare of IR

check the two properties 1 U is non empty 2 u is closed

under vector addition and scalar multiplication

1 O OT O EU
2 Let A B e V LE IR

At B AT BE At B t AtB E U

LA a C AT LIED AT LCD AI LA TEU
Hence V is a subspace of IR

B un ou EV is a basis of v if
span fun ou V

un ou is linearly independent

Every vector in V tan be uniquely expressed as a

linear combination ofvectors from B

The dimension of V denoted dim V is the cgyofeiyality
of any basis of V

Examples There are usually many choices for a

basis infinitelymany

I 93 is the standard basis of IR but as you

saw in the first exercise sheet I f is

a basis as well



olim IR n

dim Pn x e htt with the standardbasis 1 x x

I over IR forms a vectorspace of dimension 2 withbasis 7 i
I over Cl dimension 1 basis is 1

of im IRan m2

Exercise Find a basis of U Ae IR A AT

Let A EU A L I AT Fb Id
This gives us a a za 0 a O

F if
d o

A f f c g g
Hence a potentialbasis is

8 19 7
General approach
To find basis of subspace considerthe definition of that
subspace free variables dim We can form an equation
with all freevariables and then set one freevariable to 1 allothers
to 0 Doingthis foreach freevariable gives us a basis of thesubspace

Dimension of subspace of skew symmetricmatrices

f
dim Ae IR I A At Azt naif

n entries diagonalis 0 n optionsless lower think determines PR
triangle we can choose half the entries left

dim Ae IR I A AT MII n hind
we can choosethediagonalentries



Two important subspaces A and NCA
Let Ae IR min or A V SW

EES CA Ax I Xe IR Erm
neespace N A X EIR A 03 EIRor kernel

1 O E IR A O O E CA

i 2 Let u u E CA

i

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii
i'iii
i

u tu Axt Ay A ay e CA
x u LAX u ACAU E CA

Hence the claimholds

aim NCA is a subspaceof IR

1 A 0 0 OE NCA
2 Let U U E NCA

Au A v O
Aut Au Acutu 0

Utu ENCA

Hence the claimholds


