











































































































Feliz
Linear Algebra

Week 6

TRUE FALSE

I Let V be a vector space Then any
basis of V has the

same cardinality
TRUE Proof Let Br Br be two bases of V

We can reduce any set of vectors that
spans v to a basis by computing a
basis of the column space of B written
as the columns of a matrix

cardinality of basis t cardinality of spanning
set

18141821 and 1814181
Ion 1 121

Hence the claim holds as
we have shown that two

arbitrary bases of V have the same cardinality

2 the basis of a vet

Ee ji g a
FALSE counterexample 87,197 an 7 67

3 Ae IR has full maximal rank

rank A min min

True
intuitive reasoning A matrix

can'thave more pilots

than thenumberof rows columns














































































































L If Unand Un are subspaces of a vector space V Un U V2
is also a subspace of V

FALSE Counterexample V R Un a her
Un aEAKER

a 1 eUn MEUr
Un

I f1 4UnuUz hencenot a subspare
u

Instead of consideringthe unionof subspaces it
makes more

sense to look at their sum Unt Un untuz uneUnand useV2
is always a subspace in fact the smallest thatcontainsbothUnandUe

The following is often of specialinterest If any vet has a unique
representation v un t Un with Uneve urea we call Ur andur
complementary subspaces V Un tu and VanUE 0

Then V is the direct sum V U UzofUnandUn bcheckingth
isnotenoughifweconsiderme

In the example from above ur Uz IR thanzsubspaces

1123 span 87,17,87 span Ef span 18730 9 8

5 Let AeRn bn bn e IR There is an efficientalgorithm

that lets us solve Ax bi for
all i c 7 in with total

cost Oca

True
computing A's LV decomposition

once in 063
and then solving Lc Pb and Ux c n times in ofay
gives us total cost Ofa














































































































Two important subspaces A and NCA
Let Ae Rmn or A V SW continued

EEE A Ax Xe R Erm
one NCA X EIR ANO EIR

examples

y
eventp't orca

dim CA z

fo98
it dim NCA n

ÉÉÉiii.iiÉÉÉI'il'st.sn1isIi
air

oof
of A

trival null space
NCA 0

O O nf
00

O R dim CA 3
dim NCA O

Natale E ears
with X O

1 din NCA 2

CA tax

A T

t









































































flaim it is a subspaceof IR claim NCA is a subspaceof IR

1 O E IR A O O E CA 1 A 0 0 OE N A

2 Let U U E NCA
2 Let u v e CLA

Ax u Ay u for x y e IR Au A 6 0

u tu Axt Ay A ay e A Aut Au ACut u O
Utu E NCAx u LAX u ACau E CA

Hence the claimholds Hence the claimholds

this is a very typical exam exercise

set that freevariableto7 all others too repeat

ApplyingGaussian
Elimination on A to get REF AÉmEpÉÉithmultiplicationmatrices from left

NCA does n't affect solution
set ofunderlyingSCE

U x Ts has same solutions
as Ax b

fpecifically for
b 0

we have to apply eliminationmatrices
on b as well

A preserves linear dependence
relations between

columns














































































































We consider an arbitrary set B
of columns of A

I
This set is linearly dependent

there exists a

nontrivial linear combination of them that is

equal to zero i e Ax 0 where x determines

a linear combination of columns in B

REFCA EA U

We find EA X
O E Ax o as E is invertible

Hence any set B of columns of
A is linearly

independent if and only if the
same columns in

ref A are linearlyindependent

We also prove that
the pivot columns span

CA

Claim Columns of A that have pivot
in ref Al

span CCA

Proof Let on ur be the columns withpivotin

REF A EA U and u be an arbitrary
column of A

Ere Exneent t Eau Vu

a aunt t aver mue with É l

Hence any column of A can be expressedas

a linear combination of pivot columns

span on Vu A



































































































References 
https://github.com/mitmath/1806 for one of the examples 
Sergey Treil, Linear Algebra Done Wrong, https://www.math.brown.edu/streil/papers/LADW/
LADW_2021_01-11.pdf 
Sheldon Adler, Linear Algebra Done Right, https://link.springer.com/book/10.1007/978-3-319-11080-6


Exercises Find A NCA of the following
matrices

1 A 1 I 2 5 8 13

ref A 8 8 ref B 88
CA span I A basis of CA is

I 373
Xat 2 2 4 3 0 ET

ya
2 2 4 3 X O

y t 2 2 4 3 0

4
2
454

3
xn t 4 3

af x E

17,1 p

E Ey
basis for NCA is

basis for NCA is

I D
Remark A basis of a subspace U of a vector

space V usually unless U V has

less elements than a basis of V
It's important that a basis only has elements
that are actually in the subspace Ensuringthat
the span of the basis vectors is exactly U is
sufficient


