Felix Breve,

| neav A(%z[ovq 6-o%
Week &

The eXevcse ond  Quiz discugsed con be ]Qou,,o(

\heve :  felixgbreuer.com/recap

The @0.0€ow[n&§ Pa%es Com(‘a{n ;oew.{—“oms ,(_0
the vecap exerziseg QOQQOU/QC( by some {ips on

p(ooe WYL l—{/\&.

Ovevrview of Lectue so fav

\/ec_-(orsl maktrces n R

. V@Q&O\r Qo(di-'-(bm, scalan MUMI'/)-el'COl"'I'Oh

o matviX~veckor and mabrix- matrx mul i plicqlion
e norm, dot product

. di.‘ggwen* ~I~\,pes oﬁ (ha{m-ce; (S\/mme'((/a'c,+ru'o.r\%(/ﬂq.,‘ ..-)
e lineew combinations span

Rineor systems of equafions
* Gauss - E€imination

« LU decomposifion

cvved

* generof solufion O:]U.S'LE

Dineow ndependence
«rank _

e the inverse 'quo»'em( inverse s
« CR decomposition

vector spa ces ovtho %onoﬁf'l Y
y SUbSPO‘CQS oOr-Hnogoan Subspace.s
° \oo§es

* 0rthogonal comp lement
o the Jour Pundamentald subspaces:
CCA), N(AY) CCAT), N(AT

e dimension



LinAlg Recap Exercise

Felix Breuer

November 2023

1 LU decomposition

Consider the following matrix A € R3*3 where p € R:
1 0 1
A= 2 -1 0
2 p p
1.1

Write down elimination matrices Fo1, F31, and Fs35 that introduce zeros in the
(2,1) (3,1), and (3,2) entries so that Es3F31F21 A = U is upper triangular.

e~d to
Their entries may depend on p. \ reco m~

aprey Gaws €&iminaton

c{@j‘:”: g’(gmes o -\ os normold ond
~ (A OO0 4 0 o 10 0 geting these 0
Ey = -2 1 0 L3 = O/I(D FE3s = O/IO "‘bl? way
001 —01 opA1
1.2

Write down the lower and upper triangular factors L and U that multiply to
make A = LU . The triangular factors may depend on the parameter p.

_~ E3E31E01A = U

100 101
L=|2.10 U=|0-1-2
2-p1 O 0 Lp)

<<
=(E31:L31 Cza)
1.3 =g54 G341 L3'L‘
Why is A not invertible if p = —27 A0 1

Becouve then U= vire DAY= O 1- t;z) which o«ég
nas vank 2 (fwo p:voLg Ao f»w@o vanle) and s hence
nol invertible.

1



we qed Hais etthe, by compv ting i
- e s nvevkible
-~ ©Ov VS g -lb\e ‘Pac.( Ais 1

100 1
fp#-2 mef(A)=| O 1 © = rvef (A)=L1
00
1.5 (505.&. ge"ﬂ’;’g
- SIQn oﬂ
Let p = —2. Find rref(A) and bases for N(A) and C(A). Ve ¢@cond

4 © /l . = . .'\ .
1. rref(A) = (o 12 we catl jinis (ocss - Yoodan Elimination)

el(minele Loclbre, (os mveh oS (Josc(bh, vow
-
000 )

columns of Awith pivol
X’I‘k [O‘S - In re g(‘A\ =0U ovr Vve,fCA)
2. A basis for C(A) is given by: 21\ aloove
2 l_

_ soe Ax=0, 9et Solufe
-1 veckor in levms of free variable

3. A basis for N(A) is given by: - ond the, 20’( one vector
1 %Vee variob(le c_o—d—olinfng Hre
vespechve coeffricients
2 References (" separabing” the free voviables)
—> see weele b

Exercises 1.1—1.3: https://github.com/mitmath/1806/blob/master/exams/examl.pdf



The oenevl/
mlﬂesga 0‘- dd

o NOyM
contains these

LinAlg Recap weeks 1-7

Felix Breuer

November 2023

1 True/false and open questions

For the following questions let z € R™, A € R™*™ B € R™*™ and V be a vector

space: clidean norm foct
evclt
Why can ||z|| never be negative? Possible eXP&V‘OAt 'H" fﬁ(;—ﬁ :el,{,‘e Lengin of )" ond

2. ||z|| = 0 if and only if X = O~ (4he 2e-0 vector) 08% the zero veckor hes fe-gl,

If A is invertible, rank(A) = 4‘_&& Yﬁ"\l(

When is U C V a subspace of V? Whea U1 \s olso o veckov spacc. B
+ he Lollowirg : 1- O LU 'S"MW{y) 2. 1-0' °"'Y Ve Y
5. We can compute the A = C R decomposition w h the Gauss-Jordan algo-

rithm (to compute rref(A)) | See weele 7 U -(—U-Lc-U

6. Consider B: The number of linearly independent rows does not always otuael
equal the number of linearly independent columns. FQQ;@ I vonlel A)" voale CAT)

7. How would you prove a set of vectors B C V is a basis of V7 Pey dd 1. spen B=V

2. Bis emec\rel‘
8. If any vector v € span(vi,...,v,) can be uniquely expressed as a linea inde pendent

combination of vy, ... v,, wecallvi, ..., v, Cineov &;1 i/\de-pe/d@n —> see wep k>

—

&

ofices to show

L

9. A basis for the set of polynomials with real coefficients of degree less than

or equal to 3 is given by { 1y %X (x¥) x3 }

10. Let B be a basis of V and C be a generating set of V' (span(C) = Blc'(d
How do B and C differ? € doeinl haw 4o Lo Zmeu,,@d mole()e-oleM l =
11. Multiplying A with elimination matrices from the left doesn’t change the
span of rows and span of columns of A ol ¢ta | |4 does )\} c('\enge— S xn °€"°“‘SI
21

If dimN(A) k hat Az =b d I \near v de Penel ence of colimns
12. m > 0 we know that Ax = oes not have a unique solution S s

we don' lmwv if thee is a 50&4-& q bc;(l{\t\:g;n of cobrm m@g
13. How can you compute A~! (assuming it exists)? EA ( _f]—w) I'Ti A] 2> see L 4

14. C(B) is a subspace of R” Fal¢e | (_(B) (& I'P\ — see weele I

15. What can we say about A if A* = I? What kind of matrix could A be? l’ossl“t answer A—I
A is rot ation mn(wx
16. All bases of subspaces of V' have the same number of vectors Hrat rotoles one Plﬁﬂe
Talia | This o«v&a holds eor the SJOSPQte U=V. w R b\/ 90°% 140°
Mwayys leeep in mmd that a basis Of v
™oy o&d c,on‘kqm elements o{ U
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